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Abstract-The engineering lumped mass technique is applied in the large to simulate the two- 
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1. INTRODUCTION 
Molecular mechanics uses classical molecular potentials with Newtonian dynamics. Such poten- 
tials, like the Lennard-Jones 6-12 potentials, result in forces which are characterized by attraction 
like l/r7 and repulsion like l/r13 [l]. If one wishes to accumulate molecules into particles and 
extend such potentials into the large, problems arise if one wishes to consider liquid motion. The 
reason is that it is customary to consider liquids to be incompressible. In the case of water, for 
example, we know that water is compressible because it conducts sound. Nevertheless, the com- 
pression waves which result can be of the order of 75 A, so that an assumption of incompressibility 
to simulate liquid motions becomes reasonable. 
Our attempts to accumulate molecules into particles and then simulate liquid flow have centered 
on particle potentials of the form 
A > 0, B > 0, p > q, (1.1) 
with R, in cm and with the choices (p, q) = (5,3), (4,2), (3, l), (2,l). In every case, the resulting 
cavity flow exhibited large, and hence, undesirable compression waves. In this paper, we will 
apply a new potential for which no observable compression waves are discerned for the classical 
cavity problem, which is described in general as follows [2]. In two dimensions, consider a square 
of side Lcm, whose sides are parallel to the axes. The interior is called the cavity or the basin 
of the square. Let this cavity enclose a liquid M. The four sides are called the walls. The top 
wall, alone, is allowed to move. It moves in the X direction at a constant speed V, called the 
wallspeed. Also, it is allowed an extended length so that the liquid is always completely enclosed 
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by four walls. The cavity problem is then to describe the gross motion of the liquid for various 
choices of the wallspeed. 
For a treadmill simulation of the cavity problem and for experimental and numerical results, 
see (31. 
2. MATHEMATICAL PRELIMINARIES 
In the plane, consider 3500 particles of unit mass placed at the following points with the pre- 
scribed velocities. For vel = 0.0001, with position given in centimeters and speed in centimeters 
per second, let 
z(l) = -0.2, y(1) = 0.0, wz(1) = -vel, vy(1) = vel, 
5(i + 1) = z(i) + 0.05, y(i + 1) = 0.0, vs(i + 1) = -vel, vy(i + 1) = vel, i = 1,8, 
~(10) = -0.175, ~(10) = 0.0433, ~~(10) = -vel, ~~(10) = -vel, 
5(i + 1) = z(i) + 0.05, y(i + 1) = 0.0433, vz(i + 1) = vel, vy(i + 1) = -vel, i = 10,16, 
z(i + 1) = z(i - 16) y(i + 1) = y(i - 16) + 0.0866, wz(i + 1) = -vz(i - 16), 
yy(i + 1) = -yy(i - 16), i = 17,350o. 
The triangulated particle arrangement lies in a rectangle which is 0.4 cm wide and approximately 
17.8 cm high. 
3. PARTICLE EQUATIONS 
We assume for two particles Pi, Pj the potential 
OF MOTION 
(3.1) 
in which Rij is the distance in centimeters between the particles. 
Next, we assume that not all particles interact with all the other particles. Assume there is 
a distance of interaction D within which particles do interact. In accordance with the way the 
grid points were generated, let us choose D = 0.05. Thus, from (3.1) it follows that the force PQ 
which a particle Pj exerts on a particle Pi is 
dynes, Rij < D, 
The total force #% on Pi is then 
and the equation of motion for Pi is 
- 10 -1 R?:al 23 
Ri, > D. 
d2& -=-soa--+-[-$++I f$ Ru<D 
dt2 
(3.2) 
(3.3) 
(3.4) 
in which $= (0,l). Finally, for computational convenience, we make the change of variables 
T = (10)“‘t (3.5) 
so that (3.4) simplifies to 
d2& -=-98b+~[--&+&] $f, 
dT2 
Ri, CD. (3.6) 
Computer solution of system (3.6) from given initial data will be accomplished by the leap frog 
formulas [4] on a Digital Alpha 533 personal scientific computer. 
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4. PARTICLE EQUILIBRIUM 
We first allow the 3500 particles to find their own equilibrium when interacting in accordance 
with (3.6). We choose AT = 0.00004 and use the following reflection protocol. If a particle 
crosses a side of the rectangle, it is reflected back symmetrically, its velocity component tangent 
to the side is set to zero, and its velocity component perpendicular to the side is multiplied by - 1. 
The initial motion of the system is almost one of free fall. So, for the first 5,600,OOO time steps, 
each velocity is damped by the factor 0.6 every time step. In sequence now, for the next set 
of 280,000, 140,000, 280,000, 280,000, 140,000, and 140,000 time steps, the velocity is damped 
every time step by, respectively, 0.9, 0.95, 0.98, 0.995, 0.999, 1.0. Thus, over the final 140,000 
time steps the damping has been removed. In this fashion, the particles have eased down into 
the configuration shown in Figure 1. Finally, to obtain a square set of particles, all particles with 
yi > 0.35, or zi > 0.175, or zi < -0.175 are removed to yield the set of 1776 particles shown in 
Figure 2. The positions and velocities of these particles are used as the initial data for the cavity 
flow examples to be described in Sections 6 and 7. 
5. COMPUTATIONAL CONSIDERATIONS 
FOR THE CAVITY PROBLEM 
In the next two sections, we will consider examples of the classical cavity problem for the square 
particle set in Figure 2. Two basic considerations must be addressed relative to the computations 
and these will be treated as follows. 
If a particle has crossed one of the bottom three sides of the 0.35 cm by 0.35 cm square which 
encloses the particles, it will be reflected back into the square in the following way. The position 
will be reflected back symmetrically, relative to that side, into the interior of the square, the 
velocity component tangent to the’side will be set to zero, and the velocity component perpen- 
dicular to the side will be multiplied by -1. However, if the molecule has crossed the upper, 
moving side of the square, then its position will be reflected back symmetrically, its Y component 
of velocity will be multiplied by -1, and its X component of velocity will be increased by the 
wallspeed V 
The second problem derives from the fact that an instantaneous velocity field for particle 
motion, like molecular motion, is Brownian. In order to better interpret gross fluid motion, 
we will introduce average velocities as follows. For J a positive integer, let particle P, be at 
(z(i, k), y(i, k)) at t k and at (z(i, k - J), y(i, k - J)) at tk- J. Then the average velocity ??%,k, J 
of Pi at tk is defined by 
‘$k,J = 
4i, k) - z(i, k - J) y(i, k) - y(i, Ic - J) 
JAt ’ JAt >. 
(5.1) 
In the examples to be described, we will discuss results for various values of J. 
6. PRIMARY VORTEX GENERATION 
In this section, we consider the generation of primary vortices for the cavity problem. In 
each example, it is to be observed that the fluid motion is counterclockwise and the results are in 
agreement with both experiment and numerical calculation with the Navier Stokes equations [2,3]. 
EXAMPLE 1. Consider now the cavity problem for the 1776 particles in Figure 2. Let V = -0.5, 
At = 0.000002, J = 160000. If a particle moves outside the cavity it is reflected back in as 
follows. Figures 3-6 show the resulting motion at the times T = 0.32,0.64,1.28,2.88. For this 
particular example, unlike the ones to follow, the choices J = 120000,80000,40000 were simply 
too small to yield the vortex generated with J = 160000. 
EXAMPLE 2. Example 1 is repeated with the changes V = -2.0 and J = 80000. Figures 7-10, at 
the respective times T = 0.32,0.96,1.92,2.56, show the development of a primary vortex which 
Figure 1. Steady state 3500 particle configuration 
Figure 3. V = -0.5, T = 0.32, J = 160000 
: 
., 
,’ ( ,:, .,,,......,,... :: . . .._....~.....,., 1;: 
Figure 5. V = -0.5, T = 1.28, J = 160000 
Figure 2. A square set of 1776 particles. 
Figure 4. V = -0.5, T = 0.64, J = 160000. 
Figure 6. V = -0.5, T = 2.88, J = 160000. 
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Figure 7. V = -2, T = 0.32, J = 80000. 
Figure 9. V = -2, T = 1.92, J = 80ooo. 
Figure 11. V = -4, T = 0.32, J = 4oooo. 
is larger than the one developed in Example 1 and which has developed more quickly than that 
in Example 1. Similar results were found for J = 40000,120000,160000. 
Figure 8. V = -2, T = 0.96, J = 80000. 
Figure 10. V = -2, T = 2.56, J = 80000 
Figure 12. V = -4, T = 0.64, J = 40000. 
EXAMPLE 3. Example 2 is repeated with the changes V = -4.0, J = 40000. Figures 11-14, at 
the respective times 2’ = 0.32,0.64,1.28,2.24, show the development of a primary vortex which is 
larger than that in Example 2 and which has has developed more quickly, Similar results followed 
for J = 80000,120000,160000. 
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Figure 13. V = -4, T = 1.28, J = 40000. Figure 14. V = -4, T = 2.24, J = 4oooo. 
Figure 15. V = -40, T = 0.16, J = 160000. Figure 16. V = -40, T = 0.16, J = 12000o. 
Figure 17. V = -40, T = 0.16, J = 80000. Figure 18. V = -40, T = 0.16, J = 40000. 
Other examples with V = -10 and V = -20 yielded results analogous to those described above 
with the expected increase in vortex size and decrease in the time for development. However, for 
V = -40, no primary vortex resulted and it is to this case we turn next. 
7. TURBULENCE 
Turbulence is the most common, yet least understood type of fluid flow. Turbulent flows have 
two well-defined characteristics: 
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Figure 19. Enlargement of a section of the crosscurrent 
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Figure 20. V = -40, T = 0.32, J = 40000 
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Figure 21. Small vortices at T = 0.16. Figure 22. Small vortices at T = 0.32 
(1) many small vortices appear and disappear quickly [5], and 
(2) a strong current develops across the usual primary direction [6]. 
Though mathematical fluid dynamicists are aware that the Navier-Stokes equations are not the 
equations of turbulent flow [7], engineers continue to generate “turbulent” flows using the Navier 
Stokes equations with high Reynolds number. 
To simulate turbulence, set V = -40, AT = 0.000001. Figures 15-18 show the flow de- 
velopment at T = 0.16 for J = 160000,120000,80000, and 40000, respectively. Each fig- 
ure reveals the development of a strong current across the usual counterclockwise motion of 
primary vortices. Figure 19 shows an enlargement of the .flow in Figure 18 in the region 
0.145 < x < 0.175, 0.10 < y < 0.25 and reveals the crosscurrent readily. 
Again, to support the contention that Figures 15-18 represent fully turbulent flow, we now 
define the concept of a small vortex. For 3 5 M < 6, we define a small vortex as a flow in which 
M molecules nearest to an (M + l)th molecule rotate either clockwise or counterclockwise about 
the (M + l)th molecule and, in addition, the (M + l)th molecule lies interior to a simple polygon 
determined by the given M molecules. In searching for small vortices, attention was confined 
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to within a circle of radius 0.02cm around each particle. For comparison purposes, Figure 20 
shows the turbulent flow at T = 0.32 with J = 40000. There resulted 65 small vortices, shown 
in Figure 21, for the flow at T = 0.16, and 81 small vortices, shown in Figure 22, at T = 0.32. 
Thus, in a change of only AT = 0.16, the number and the distribution of the small vortices has 
changed completely, as is characteristic of turbulent flow. 
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